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BWMDARY MyEli BUILDUP IN THE DMI\SERALI7ATION OF SALT WATER 

BY REVERSE OSMOSIS~ 

Lawrence Dresner 

ABSTRACT 

The bu i ldup  of s a l i n e  boundary l a y e r s  ad jacen t  t o  permselect ive 

mem.br:;l.nes has beer1 s tud ied .  '1h0 si-tuaticjris have 'oeen corisid.erecl. In the 

firs-ti, wa, ter  i s  forced  by a piston thro-tig'ti a sel-nipe~~neal j l .~  me:mijra,ne; there 

i s  no la te ra l  fl-ow oP the water  over the face of t h e  membrane, The salt 

concen t r a t ion  at {;he su r face  of' the membrane i r icreases  m O L l O t o n i C a l l y  with. 

t i m e  and i s  asymptotical . ly linear i n  t h e  time. In  the second s i t u a t i o n ,  

t h e  p re s su r i zed  feed s o l u t i o n  flows continu.ously through a clriaimel whose 

wal-1s are made of the  semipermeable mernbrarie. The flow may- be e i t h e r  

l a m h a s  o r  t u r b u l e n t .  I n  the  l a n i n a r  case, forrnulas for the salt concen- 

t r a t i o a  a t  the wall i n  both the asymptot ic  reg ion  ( "well-developed" con- 

cen-brati-on p r o f i l e )  and t h e  eri-trance regi.on (boundary-lzcyyer reg ion)  have 

been der ived .  I n  t h e  tx.rbulent case, a simple formula for the salt COD- 

c e n t r a t i o n  a-t t h e  wall has been der ived  from the Chilton-Colbu.rn analogy. 

(I) Work performed f o r  t h e  W f i c e  of S a l i n e  Water, U. S. Department of t h e  
I u t e r i o r ,  a t  Lhe Oak Ridge Nat iona l  Laboratory,  Oak Ridge, Tennessee 
operated by the  Union Carbide Corporat ion f o r  t h e  U. S ,  A t o m i c  Energy 
Commissi on. 
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Int r oduc t, i on 

S a l t  water  can be p u r i f i e d  by pumping it unde-r- p re s su re  through a 

2 membrane more permeable t o  water t,hari tJo s a l t .  Most promising among -the 

(2) C. E .  Reid and E .  J .  Breton, J. App. Pol.ymer ScL. 1 1~33 (1$]59). - 

i na t e r i a l s  I'rcxri which semipermeable membranes caii be prepared is ce1 lul~ose 

a ~ e t a t e , ~  but o ther  organic  polymer:: can a l so  ser-v-e . 4 \hen water is being  

(3) C. E.  Reid. and E .  J .  Breton, op. c i t . ;  "Sea Water ~min.ej- .a l i .zat ion by  
Mean:; of a Serni.pe.rmeab1-e Membrane, ' I  S .  Loeb and S. SourimJan, UCLA 
Report No.  6 O - b 0 ,  JuiLy, 1960. 

(It) C. E .  Reid arid E .  J. Breton, op. cii;.; S. Loeb arid S.  SouriraJari ,  "Sea 
Water &niin?raliza-Lion b y  € k a m  of au 0:;motic Membrane, '' Advances i n  
Chemistry Series #j8, h e r .  Chern. SOP., 1963, p. 1-17. 

h ighly  sa1iri.e boii.ii?l?dary l a y e r  immediatii:ly- adJacent  t o  the membrane su r face .  

ra ises  the  local osmotic pressure  of' - the water arid G O  decreases  t'ne d.riv- 

i n g  force availab1.e f o r  r eve r se  osrnosis, it i .ncreases the salU cotlten-t of 

t h e  water coming -throu.gh the membrane, arid i t  may cause tiht.3 y rec ip i t a t i . on  

of relatively i.ilso1ubI.e scale-forming sal ts .  

The bui ldup  of a sal.t-rich 1.ayer along side the membrane has been 

termed t h e  "concent ra t ion  polavizat , ion" of t h e  membrane by K. A.  Kraut;. 

This  paper i s  devoted to estimating t h e  extent of concant ra t ion  p o l a r i z a -  

t-ion i n  two simplti prototype d e s a l t i n g  c e l l s .  

The s imples t  imagiriab1.e batch-operated c e l l  is j u s t  a cyl.ii-ider closed 

by the  semiperrmt?abl.e membrane a t  one end and a p i s t o n  ai; the o the r .  The 

s imples t  imaginable cont inuously operated ce1.l i s  a channel. of some s o r t  
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support ing m a t e r i a l )  and which conta ins  t h e  pressur ized  feed  soJ.ution. 

In  th5.s second cell, f r e s h  feed  s o l u t i o n  flows cont inuously through t h e  

chanmel; t h i s  flow may be ej t h e r  laiai!i.ai-. o r  tu rb i i l~ent  . 
Owing t o  i t s  pene t r a t ion  of t h e  channel walls, t h e  water has a.n 

average “ r a d i a l ”  component of velocLty t h a t  i s  ordi .nar i ly  absent i.n 

1 amina.7 channel f low, Furthemiore, t h e  v e l o c i t y  p r o f i l e  of t h e  a x i a l  

f low Ls a f f e c t e d  by t h e  t t r a d i a l “  motion of t h e  water .  Uermair’ has 

(5) A .  S. Rerman, Proceedings of t h e  Seconci In t e rna t iona l  Conference a i  
Geneva on t h e  Peaceful  Uses oE Atomic Ener;y 4 351 (1958). 
coniainls r e fe rences  t o  e a r l i e r  vork.  

This papel. 

solved ihe problem of  fully developed laminar channel flow YwiLii both f l u i d  

i n j e c t i o n  and removal. at t h e  channel w a l l .  for rectanigular,   cylindrical^, 

and anmilar  channel 7 e Using h i s  r a d i a l  and axial Tluid velot-ity p r o f i l e s ,  

we shall c a l c u l a t e  t h e  r a d i a l  and a x i a l  concent ra t ion  p r o f i l e s  or t h e  sa l t  
- 

i n  t h e  channel.. 

Wien t h e  channel flow i s  turii i i7e~it ,  nothing i s  known of t h e  e f f e c t  of 

flu:-d rerao-m1 aL t h e  wall on ilie fl.uid ve1oci:y d i s t r i h u i i o n ,  and we s h a l l  

pe r fo rce  neg lec t  t h i s  e f f e c t  i n  c a l c u l a t i n g  the concentra-Lion p r o f i l e  of 

t h e  s a l t ,  

i33 t e h - Opera:, e d Ce 11 

Ii t h e  r ad ius  and length  o r  the c y l i n d r i c a l  b?teh-operated c e l l  a r e  

large enough, t he  problem of cal..cul.ating the axial-  concent ra t ion  p r o f i l e  

becomes the problem of a n  i n f i n i t e  IELSS of f l u i d  moving uniformly a,gainst  

a plane , semipcrmeab1.e ini;erl”act.. The geom Lry- i s  shown in Ffg e 1.. 

The d i f f e r e n t i a l  equai:,:i.on governing dif .€usion i n  a moving f l u i d  is 
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Fig. 1. The Idealized Geametry of the  Batch-Operated C e l l .  
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+ v.grad c = - dac ac 
2E 

I n  t h e  geometry of Fig.  1, t h i s  simplifies t o  

We must so lve  Eq.  ( 2 )  sub jec t  Lo t h e  boundary condi t ions  

.(.,a) :I c 0 

(2) 

i ;=t, 

Eq. (3b )  says t h a t  t h e  ne t  cu r ran t  of salt across the  maflibrane a t  x = 0 

i s  zero. 

For simplicity, l e t  -LE in troducz the f ol~l.owing dimensionless mri- 

v x  
0 5 = -  4c 

lil t e r n s  of L'nese v a r k b l e s  ( 2 )  and (3)  become 

(1") 

('?C) 



Ilenceforth, tile v a r i a b l e  I’ w i l l  be ca l l ed  t h e  concent ra t ion  p o l a r i z a t i o n ,  

Interest i !q; ly ,  t h e  sys t em o f  egua t ions  ( 5 )  has no steady-state 

s o l u t i o n :  the  sal t  concent ra t ion  a t  the niembrane rise; moriotonical1.y with 

‘,ime. Asymptotically,  i.e., f o r  l a r g e  a, I’ v a r i e s  l i n e a r l y  wi th  z. To 

show tliis, l e t  us begin by i n t e g r a t i n g  (5a) over a l l  (. Using (>b), we 

f i n d  the r e su l - t  

ox i t s  equ iva len t  

110 constarit  of i n t eg ra - t ion  appears i n  (6b) because I’ variislies when 

T = 0 (Eq. 5 c ) .  

For l a r g e  a, w e  rnight expect  t h e  salt  concent ra t ion  prcfile t o  

assme a cons tan t  shape and  only change i n  magnitude. Tnir; cons idera t ior i  

sugge,s.~s we - t ry  a s o l u t i o n  of  he type a =- ( t )  -+ -= ( E ) ,  where IZ anti 

are as yet undetermined function:;. Ti‘ we s u b s t i t u t e  t h i s  form i n t o  

- 1. 0 -1 
.- 

-A? 

(ga), (5b), and (6b) and equate  t h e  c o e f f i c i e n t s  of l i k e  powers of 7 ,  we 

f i n d  

= ( 0 )  + :- ( 0 )  = 0 -1 -1 
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From t h e  f i y s i  t h r e e  of t h e s e  equat ions we see h a t  T (E) 

froiii t h e  l a s t  three that, I- ( k )  = (1-t)e-k.  
-1 

~hus 
-2 

i s  t h e  asymp-Lotic solut ion.  of Eqs  . (5a) a n d  (5b). 

polarLzat ion a t  -the membrane I ' ( o J T ) ,  which i s  t h e  main quant i ty  of 

i n t e r e s t  here ,  i s  t h e r e f o r e  asymptot ic  -Lo T + 1. 

'%ne coneenti-ation 

In  t h e  problem presen-tSy being d e a l t  wi.L?iJ we can a l s o  calculat ,e  

t h e  n o n a , s p p t o t i c  ( t r a n s i e n t )  behavioi- of the concent ra t ion  pol-arizati-on 

a t  t h e  meiii'nrane exp l - i c i t l y .  If we d e f i n e  I' ( t , ~ )  by -t; 1" 

we f Lnd  by s u b s t i t u t i n g  i.t i n t o  E q s .  ( 5 )  t h a t  ii satj-sfies the equatioLi 
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We s h a l l  so lve  Eqs. (10) wi th  t h e  help of t h e  Laplace If 
M 

~ ~ ~- 

(6)  C f  e e .g., "Operational Methods i n  Applied Mathematics, " H. S. Carslaw 
arid J. C. Jaeger ,  Oxford Univ. Press, London, 1948, pp. 1-9. 

tlren F satisfies the equat ion t r  

S =s 

reduces Eys. (12) to 

(12b) 

(13)  

( 14b ) 

S =s 

Now suppose t h a t  ( F, , s )  and $,, ( 5 ,  s )  a r e  two l i n e a r l y  independent 2 

s o l u t i o n s  of t h e  homogencous equat ion  corresponding t o  (14a), v i z . ,  

Fu.rtliermore, let q 

re$gi:!ar at infi .ni . ty.  Since t h e  Wronslrian of t h e s e  t w o  solutions i s  a 

s a t i s f y  the boundary cond i t ion  (14b) and ].et q9 be 1 L 
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cons taa t ,  the Green 's  func t ion  o r  ( 1 5 )  i s  

where E< i s  t h e  smaller of 5 and 5 ', E+ i s  t h e  l a~ge i "  of 5 and 5 I ,  and 

t h e  primes on the q ' s  denote d i f f e r e n t i a t i o n  wi th  r e spec t  -to 5 .  '7 

(7) "The Matheitia-Lics of Physics and Chemistry-, " H. Margenau ai-d G. M. 
Murphy, T). Van Nostrand Co., Inc. ,  New York, 1~949, p. 516 f f .  

Fur themore ,  

Here w e  have made iise of the fact, t h a t  IJ s a t i s f i e s  Sq- (14b). Froin (1.1) 

it fol lows that 

1 

r 
za t ion  a t  the rnem'orane. 

(0 , s )  i s  t h e  Zaplace t ransform of r t r t r  (o,,;), the concent ra t ion  po1ari.- 

17 
It i s  c l e a r  from Eq. (1.5) t h a t  $ 2 ( c )  = e - k J s +  4' . S u b s t i t u t i n g  

-this equat ion I.ntcJ (18) and carry-iiig out t h e  inLegra1. we obta in  

lnversi -on of thris Taplace transform8 now g ives  

(8) h. S .  Czrslaw and J. C. Jaeger ,  op. c i t . ,  pp. 7l-((. 
-. -.__ 
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The only singularity of - L k  integratid is a branch poin-t. a t  s = -1/4. 

:e d.-:Form_ the path of i n t e g r a t i o n  t o  the do t t ed  path.  shown in Fig. 2, 

7r7e can express  r 

If 

( 0 , ~ )  as tr 

2 where y 

terms of the co:mpl.ernentary e r r o r  Yunet ion: 

= 4:; - 'I. The right-han.d s i d . e  o r  Eq. (2lb) can be eva lua ted  i n  

where 
c4 

2 
erfc(x) = - (Zb) 

r ( 0 , T )  i s   show-^ i.n F ig .  3 .  

Continuously Operated Cell ; Laminar Flow 

The geometry o f  the contLriuous1.y operated cell is shown in Fig. h .  

The main flow i s  i n  t h e  x-di rec t ion .  The width a n d  l eng th  of the  channel. 

are presumed to be v e r y  rninch larger  than  the chaniiel. thickD-eSS, 24. A 

s t eady  state solution of Eq. (I)  exis ts  and it i s  t h i s  so lu t io i l  t h a t  we 

now seek. 

In 1.aminar channel flow, ~ y .  (I) beccxnes 
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Fl.g. 2. The Orjlginal (Sol id)  a i d  Defomed (Dotted) Paths of Inteym- 
t i o n  i n  - b e  Complex s-Pl.a,ne. Trie integr..stild j.11 Eq. (20) has a bmnch point 
at s = -I/*; t h e  s-plane has consequently been cut along the nega,t,ive r e a l  
a i s  f ima s = -.J/4 to s = - m. 
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Fig. 3 .  The Concentration Polarization I' at the Membrane in the  
Batch-Operated Cell. I' i s  the r a t i o  of the excess salt concentmtlon 
at the m e m b m e  to the i n l t l a l  concentration [cf .  Eq. ( k a )  1, vo is the 
constant fluid velocity (cf. Fig. l), t i s  the time, a r i d d i s  the dif- 
fksivitg- of the s a l t  ( cm2/sec) . 
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Fig. lt . The Geometry of Wit. Continuously Opersted Cell, 



The bemi i n  d ? ? c / a $  has been neglected s i n c e  a x i a l  convection of salt, 

which i s  described by t h e  term u &/ax, far outweighs a x i a l  conduction,which 

is descr ibed  by t h e  omitted terra. 3 

( 9 )  A similar approximation is made i n  the classical Graetz-Nusselt, 
problem; c f .  "Heat Transj 'er ,  '' V o l .  I, M. Jakob, John Wilrjr arid Sons, 
New York, lg)+g, p. 451. 

According t o  B e r n ~ m , ~  t he  ve loc i ty  components u and v &re given by 

(24a) 

v = v f ( A )  (24b) 
W 

wh.ere :€(A)  i s  a f u n c t i o r i  t h a t  has been calcuI.ated by BF3man. 

t h e s e  func t ions  suii;gests that we mny be a b l e  to s0l.v~ (23 )  by- the meYnod 

of sepa ra t ion  var ia l i les .  If we set c (x ,y )  =- x(x)Y(Y), we f i n d  that ( 2 3 )  

can 'be w r i t t e n  

The form of 

m e  fhtcr,or i n  garenthese!: i n  ttie last term in (25) depend:; on2-y on x, 

arid 

(26b) 

where, f o r  convenience, the sepa ra t ion  consi;ant ha,s been w r i - t t e n  in the 
v u  w form - . 



The s o l u t i o n  o r  Eq. (26b) ( a r b i k r a r i l y  noriiial-ized t o  the value uni.ty 

a t  x = 0) i s  

The adrtiissible values of 0 a r e  the eigenvalues of Eq. (26a) subject t o  Lhe 

condi i i - O t i s  

Y'(0) 7: 0 (288,) 

Eq. (283) i s  a synmetry reqiiireineni; Eq. (28b)  s ta tes  t h e  3-mpenetrabri.l.i.ty 

of t h e  c'na.nn.cl walls t o  t h e  sal t .  If f o r  tile sake of convenience, we 

wri-ke Eqs. (26a), ( 2 8 a ) ,  and (28b)  in terms of t h e  variab1.e A == y/&, we 

f i r i d  

y" - Uf(h)Y' - aof'(h)Y = 0 ( 2 9 4  

aY(1) - Y'(1) = 0 (;39c) 

where t h e  primes now den-ote d i f f e r e n t i a t i o n  wj.tb r e spec t  t o  h.  

i s  t h e  P & c l c t  number Yor" mass t ramsfer  and i s  equal to t h e  product  of t,he 

transverse Rejmolds number R 

a = v J / &  
W 

= v k?/V a a d  the Schmidt izuniber S = V / b  w W C 

A. The subs t i t u  i ion 

10 l e a d s  t o  a Stur i~i-Liouvi l le  equat ion  f o r  V( A) :- 

(10) :I. Margeiiau and G. It. Murphy, op. ~ i t . ,  pp. 253-267. 
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v" -t af(h)v' -t a(1 - 0 )  f'(A)V = 0 (3la)  

V'(0) = V ' ( 1 )  = 0 (31b) 

Here we have used t h e  f'act "cat f(1) = 1 and f(o) = 0. The well-knowri 

v a r i a t i o n a l  p r i n c i p l e l o  f o r  -the eigenvalues  u now takes the  f:ojr?n 

(3lb) wi th  the eigenvalue u = 1.. The corresponding value of Y is 

A 

exp (a j'f'(),l) (3A' . Eq.(32) i n d i c a t e s  t h a t  CT = 1 i s  t h e  largest 
0 

of the eigenvalues .  Eq. (27) shows t h a t  i-1; is the CT = 1 eigenso lu t ion  

which domina-tes asymptot ica l ly  f o r  l a r g e  x. Thus when t h e  coriceritra-tion 

profile i s  f u l l y  developed, it is descr ibed by -- 

h 

A s  ar i  index of the coriceritratiori p o l a r i z a t i o n  a t  the  membrane we 

s h a l l  t ake  the r a t i o  of t h e  excess  wall concent ra t ion  t o  t h e  l o c a l  cup- 

mixing concent ra t ion  : 



This  i s  a pa r tTcu la r ly  u se fu l  quan t i ty ,  s ince  if l i t t l e  w a t e r  is drawn off, 

t h e  local cup-I;lixri.ng concentrat ion w i 1 . l  d i f f e r  l i t i l e  i":rom t h e  bulk feed-  

water concentra.ti.oo. 

Cel lu lose  s c e t a t e  mzrribranes gene ra l ly  penni t flow v e l o c i t i e s  of the 

= 10 g a l s l f ' i  /day wi5h p res su res  of t h e  order - J t  -1 2 order  of 5 x 10 e m  see  

of lo0 a t m .  

i s  << 1 f o r  reasoaa-bl-e cham.el ihicknesses .  

shown il iat  t h e  Poisseui.l.1.e p r o r i l e  i s  a very a c c u r a t e  r ep resen ta t ion  

With such small veloci t i -es  t h e  t r a n s v e r s e  Reynolds number R 
W 

Whe:i K << I., Berman' has w 

of the l o n g i t u d i n a l  LTow and henceforth we shall a1 ways use it. Thus 

f'(A) = $ l - A  3 2  ) and 

Wnen CX: >> 1, this  i n t e g r a l  is easy t o  eva lua te .  F then  becomes approxi-  

m.i;ely - a , I' i.s p l o t t e d  as a func t ion  of a i n  Fig. 5 .  1 2  
3 

x/P, can never exceed 6 /v , f o r  in p r i n c i p l e  when x := x, = 6 P,/v a l l  
o w  o w  

t h e  water has been d r a m  off through t h e  channel walls. The speed with 

which t h e  0 = 1 mode dominates t h e  concentrat;i.on p r o f i l e  can be cliarac- 

t e r i z e d  by t h e  r a t i o  of ihe value of x a t  which the higher  modes have 

fal . len t o  some spec i f i ed  f r a c t i o n  oi" t h e i r  i n i t i a l  in tens i ty-  t o  t h e  value 
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Fig.  5. The Asymptotic Concentration P o l a r i z a t i o n  r a t  t h e  W a l l  i n  
t h e  Contlnuously Operated C e l l .  I' Is t h e  r a t i o  of t h e  excess w a l l  concen- 
t r a t l o n  t o  t h e  local cup-mixing Concentration [cf. Eqs. ( 3 3 )  and (34)  1; 
and a i s  t h e  Pkele t  number f o r  mass t r a n s f e r ,  def ined by v .e/&, where 
v 
tKe channel ( c f .  Fig.  4) 

is  t h e  f l u i d  suc t ion  v e l o c i t y  a t  t h e  w a l l ,  R i s  t h e  had!-thickness of 
and &? 2s t h e  d l f f u s i v i t y  of t h e  salt ( cm2/sec). 
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f a l l  to 1$ of i t s  inri.kIa1. i n t e n s i t y  when x /x ,  = 4.6/1 uI  . 
as x/& << l, t h e  modes decay exponent ia l ly  wi th  1/10; as %he decay- con- 

s t a n t s .  If any eigenvalue i s  not  l a r g e  a n d  nega t ive ,  t h e  corlaespoilding 

mode w i l l  decay sl.owly, and t h e  D - 1 mode w i l l  no t  dominate 'ilie s o l u t i o n  

un'iil. x i s  very c l o s e  t o  he 

When 0 i s  l a r g e  and negat ive,  i'r; is easy t o  show t h a t  any mode wil.1- 

I n  f a c t  as long 

Table 1 shows t h e  f i r s t  few eigenvalues  of Eqs. (51) -fox* s e v e r a l  

values  of a. 

'Ta,bI.e 1. Eigenvalues 1 - c r  of Eqs. (31.) for a = 1, 3 ,  and 10 

a 
.. 10 

\ 5 n 1 

1. I.I. .466 3 0452'3 1.1331 

It i s  c l e a r  froin these i -esu l t s ,  that  when a < - 1. t h e  ground (a-1) mode wil..1 

dorainate over most of t h e  range of x, whereas when a > - 
state  is not  reached u n t i l  x nea r ly  equals  160. Thus when a >> 1, tile 

a,synipt,otic s o l u t i o n  exp (ab( I f ( A ' )  dA') for the concent ra t ion  p r o f i l e  i s  

of no p r a c t i c a l  use. I n  ol-der to g e t  a n  express ion  f o r  t h e  concent ra t ion  

p r o f i l e  -va l id  f o r  s m s l l .  xt l e t  us cons ider  khe fo l lowing  s i t u a t i o n .  A 

sa l t  so1.ution flows through a channel which sucks l i q u i d  through i!,s w a l l  

wi.t;h a v e l o c i t y  v . The ent rance  l eng th  of t h e  channel, l y i n g  a t  values  

of x < 0, i s  long enoug3 t o  a l low the  ve loc i - ty  d i s t r i b u t i o n  (24) t o  be 

1.0 t h e  asyii1ptotri.c 

A \ 

w 

n P  LflJiablished Throughout i t s  en t rance  l eng th  the  channel. i s  equa l ly  

pemeab le  t o  water arx l  sa l t ,  s o  t1m-t for x < 0 -the concentra-%ri.on p r o f i l z  



i s  S l a t .  At x = 0 t h e  wall of the channel  becomes impervious t o  sa l t .  

A t h i n  s a l t - r i c h  boundary h y e r  begins  t o  b u i l d  up as t h e  f l u i d  passes  

t h e  p o i n t  x = 0. x/a << uo/vwy t h e  concent ra t ion  p r o f i l e  i n  this 

boundary l a y e r  i s  governed by the equat ion 

Since t h e  boundary layer. i s  confined t o  '_i thin region verg el-ose t o  t h e  

wall., A 

t 'neir  respective power s e r i e s  expansions around A = 1, viz., j ( 1 - A )  and 

1 and f ' ( A )  and f ( A )  may be replaced by the leadin{< terms i n  

1 when liw << 1. 

If' w e  now in t roduce  the dimensionless  v a r i a b l e s  

c - c  

c 
0 r =  

0 

T) = a(1 - A) 

(35) takes the :€om 

Tkie boundary condi  t ioiis  are 
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W e  can f i t i d  tine asymptotic s o l u t i o n  of Eqs. (37) e x a c t l y  as we 

found t h e  asymptotic solukion of Eqs. (5). Tk~e i-esult i s  

so  t h a t  

Again d e f h i n g  r 

the equat ions 

(v,[) = I'(?,() - i T a S ( q , ( ) ,  we f i n d  t h a t  r ti- tr satisfies 

We proceed now exac t ly  as we did  before. 

(3ga) and (39b) wi th  respec-i; t o  15; then  w e  make t h e  s u b s t i t u t i o n  (13) 

Flirst  w e  Laplace t ransrorm Eqs . 

(with c w r i t t e n  for 5 ) . The r e s u l t  of t h e s e  manipulat ions i s  tha.t 

wher:? q2(7) i s  t h e  solu-i;i.oii of 

( I t  1) 

t h a t  i s  regular a,{; in%'inri.ty. 
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Owing t o  t;'iie presence or" the factor 7 multiplyirig s i n  (41), Q, I- 

cannot now be expressed i n  terms of simple exporientials: +re ran  v e r i f y  by 

s u b s t i t u t i o n  that 

is the  m o d i f i e d  Bessel Tunction of t h e  second kind oi' order 
v 3  

one-third? A :;kiort c a l c u l a t i o n  then shows t h a t  

s o  that  f i n a l l y  

-1. 
s~41ere 2 
vers ion  theorem 

denotes  the inverse L3plsce t ransform.  A(:cording to  the i n -  

8 

(1l) " B P s s ~ ~  FUrictioii:;," G .  N. Wal;so:i, Cambricige Un ive r s i ty  Press, The 
Idacmil.1-an Co., New York, 1944 . 
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The e x p l i c i t  invers ion  of the t ransform i n  (45)  i s  wel l -nigh impossible 

and t o  obta in  a u s e f u l  approx?ir,.ttion to r 
as fo l lows .  T'e a n a l y s i s  of Appendix 1. shows 'chu-i; when 5 >> I. t h e  r i g h t -  

( o y ( )  we mist proceed obI.iq-uely tr 

_ .  ~ Jr./.~" I 
-fi'l''ti@ (47)  2 << 65 and Lo e -  hand side of (45)  i s  as jmptot ic  -Lo -e 

-m2 i f  ( 4 ~ ) ~  >> 65. These f a c t s  suggest that a func t ion  of t h e  t y p e  e 

might adequaLely r ep resen t  t h e  asyinptotic behavior  of r. 
func t ion  has t h e  a d d i t i o n a l  v i r t u e  of having an  i n f i n i t e  deriva'cive a t  

(o,c). Such a t; 1' 

( = 0, which the a n a l y s i s  of Appendix 2 i n d i c a t e s  rtr(oy{) m u s t  have. Hence 

l ie may ten.Lati-vely set 

Tlie value 5 has beeLi chospn f o r  normalizaLior- [ll,Lr(o,o) = -51. 

t o  which (46) ar3eqiratel.y reprcocn'is I? 

The exLeni 

(o,() may be aeiemiined by see ing  tr 

how well it, reproduces the  nomefltsJ' ( k rtr(o,[) d( of TL1-(o,(). We can 

c a l c u l a t e  t h e s e  ~ ~ ~ f l t , ~ ;  from t h e  Laplace t ransform ( 4 4 ) .  l2 
0 

The f i r s i  three  

(12) The Laplace tra~isfor-m i s  the genera t ing  i"uriction of t h e  moments, i .e . ,  
M (Io 

<-I k - ,  

- rtr(o,s) = )  - (-d J ck rtr(o,() dc [cf. C a r s l a w  and ,Jaeger, op. c i t . ,  
k! 0 

L-l 

k=o 
p. 257, Eg. (111. 

of s,  we can obtai-n t h e  var ious  moments of r t r ( o , ( )  by in spec t ion .  

l a t i n g  the terms i . i i  thts s e r i e s  i s  a 'cedtous job, and a s l i g h t l y  s impler  

Thus i f  we expand t h e  Laplace t ransform ( I d { - )  i i l  powers 

Calcu- 

r ecu r s ive  method of ca l cu la t ihg  t h e  moments can be bascd 09 'ihe o b ~ e r m -  
r ,. k 
M 

Tion that t h e  quantiiies A&) = J  / r  k l  rtr(q,{) d( satisfy t h e  equations 
0 

These equa-Lions car  be solved success ive ly  for.  Ao,Al~, e~t;c. 
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moments are -35, -630, and -32690, respect ivel-y.  Choosirig a = 3 makes 

t h e  f'irst t h r e e  moments of (46) -30, -540, and -32400, r e s p e c t i v e l y ,  i n  

comparat ively good agreement wi th  the ac- tua l  momcnts. Thus 

(46) 

This  f u n c t i o n  i s  p l o t t e d  in Fig. 6. 

ConLinuously Operated C e l l ;  Turbulent  Flow 

If t h e  axial flow in t h e  channel r ep resen t ing  t h e  cont inuously 

operated c e l l  i s  t u r b u l e n t ,  t h e  sal t  concent ra t ion  a t  t h e  wall i.s related 

i;o th? bulk sa l t  concent ra t ion  by t h e  Sollowing equat ion:  

so t ha t  
c - e  -v w 

x -  
W 0 

c h r =  
0 

There are a number of' semi-empirical  express ions  r e l a t i n g  the mass t r a n s f e r  

c o e f f i c i e n t  t o  the c h a r a c t e r i s t i c s  of the f lu- id  and the  f l o w  p a t t e r n ;  t h e  

oric we sha l l  w e  here  i s  t h a t  of Ghilton and Colburrll' express ing  the 

(13) "Mass, Heat, and Momentum Trans fe r  Between Phases," T. K. Sherwood, 
Chemical En@.neerinz Progress  Symposium Series, Vol. 55, No. 25, 
Reactor K ine t i c s  and Unit Operations,  p. 71, 1959. CP. aT;o ref'erence 
14, pp. 401 and 64'7. 

Stanton  r imbcr  i n  term:; of t h e  Scinnidt number and Lhe Fanning f r ic i , ion  

14 f a c t o r :  

(14) "Transport  P'neiiomena," R. B. B i r d ,  W. E.  Stewart ,  and E. N. L ight foot ,  
John Wiley and Son:;, New York, 1.962, pp. 181-188. 
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4 
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2 
Q v,x . .......... 
3 FOl 

Fig. 6. 1%e Concent;rati.on PoLarizat?-cJn r a t  Lhe WsU i n  the Entrance 
Region of tlne Continuously Operated Cel l .  I? is the ratio of t h e  excess  
w a l l  concen tmt ion  t o  t h e  local cup-rni.xi.ng concent ra t ion  [ c f .  Eq. (363)  1; 
and a i s  tine Pkclet number -Cor m a s s  t r a n s f e r ,  def ined by v ,l/d,> where 
vw i s  the  f l u i d  suction v d o c i t y  a t  the  wall, .4? i s  the haly-thickoess of 
the channel ( c P ,  Fig. 4), a.nd .& i s  the diffusiv-ity of the salt (cm2/sec). 
x i s  the d-istance down the channel ( c f  e Fig. k ) ,  mid u 
velocity i i l  the  x-direction. 

is t h e  bulk f l -u id  
0 
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For smoo-2i-wal.led channels, the  Iriction factor. is given by- Bl.asius ' 
14 equation : 

4 4  
f = 0.08 (&) 

Combining Eqs . (48), (49), and (50) we have 
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APPENDLX 1 
-_l__l_l 

Tile study of Lli? asymptot ic  behavior  of I'L- (o,() using tile contour  

i n t e g r a l  given i n  Eq. (45)  will r equ i r e  t h e  use of ihe r"o1lowSilg p r o p e r t i e s  

LJ? 

of Lhe Besse? func t ions ,  a l l  of which can e i t h e r  be found i n  Watson's book'.'. 

o r  eacri1.y deduced from formulas given t h e r e .  

i n  /2 - i 172-j" K ( r e  ) = K (re 
1/3 1/3 

( 1. -7) 

(1.-8) 

(1-10) 
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When { >> 1, the rnain contribution -to t h e  f i rs t  integral .  comes f r o m  

very srm1.1. values of s. If' s i s  ve:ry small - ' >> 1, and w e  can r ep lace  

the various Bessel i'ilnct,ions by t h e i r  asymptot ic  values. If w e  keep only 

'12s 

.I 7 uie leading terms in both rimemtor and denominator, we f i n d  Lhat t h e  f i rs t  

in tegrand  i s  simply 

-(s 

-k - .. , : ,  

- ( ( s  + 1/63) 
e 

&.? 

(1-14) 

so  t h a t  the firsi; i n t e g r a l  can be w r i t t e n  

(1.-16) 

s o  t h a t  t,he f i r s t  -integra1 finally 'oeoornes 

If ( l t v ) 2  >> 65, on 'she o-i;her hand, the fi1.s-i; i n t e g r a l  c a n  no 1 onger 

be exaluated by styepest. (descents. However, under the given coiiditi.oii, 
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5s is << 1/6s, s o  t h a t  t h e  f i r s t ,  in-Legral j u s t  becomes 

1 

(1-1.8) 

Since l / i t q  << 1, the main contribution i o  the second i n t e g r a l  corncs f i -om 

s m a l l  values  of s and 3 . t  can be w r i t t e n  approximately as 

= 0.5748 < - 1 / R  e-:c/3 

where t h e  ?.integral has  again been eva lua ted  by 

descents .  

s ince  ( 4 ~ ) ~  >>6(. 

This las t  express ion  i s  >> iiie r ight-hand s i d e  of (1-18) 
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APPENDIX 2 

I n  t h i s  appendix w e  shall i nvesk iga te  t h e  behavior  of I'(ri,{) near  

5 = 0. Let us I.ook f o r  a s o l u t i o n  of Eqs. (37) of t h e  f o m  

S u b s t i t u t i n g  (2-1) i n t o  (37a)  w e  f i n d  a f t e r  sone simple algebl-a 

(2-1.) 

(2-2) 

where w 1. -,q3/95. 

have E ' ( ( )  = l W K  arid 

STnce rl and ( are  independent v a r i a b 1 . e ~ ~  we niiis-t; c lear ly  

= v3/9i;. Thus G i s  given by the ord ina ry  d i f f e r c i i t i a l  equation 

(2-4) 2 
W G " ( W )  -t (.-= - W) G'(w) 

3 
- K G(w) = 0 

Eq. (2-4) i s  t h e  confluent hypergeometric equat ion  and has a:; soluti .on 

2 1 4  
G(W) = a P (K,-,w) + a w 'I3 F ( K  + 7 7") (2-5)  

1 1 1  5 2 1 1  

where 

a are cons tan t s .  !I?lius 

F i s  Pochnarmner s confluent  ky-pergeoi-netric functicn,  '-5 arid a 
1 1  1 

2 

(1.51 "Methods of ITieoretical Phy:;ics," P. M. Morse and H. Feshbach, 
McGraw-Hill Book Co . , New York, 1.353, pp. 6d+ -66 
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It follows from Eq.  (2-6) t h a t  

(2-'(b) 
I: =I: 

When 5 << 1, t h e  bouiidary condi t ion  (37%) will be nearly s a t i s f i e d  i f  

nd a2 q?'. Thus when << 1, 1 
3 

K = - -  a 

'The constant  al can be de-Lemnined from the  requiremen-t that r(v,[) 
1 2  variish f o r  lal-gz 'rj. The confluent  hypergeornctric funct ioi l  lFl( -- 

the integral. r ep resen ta t ion  

-,w) has 
3' 3 

16 

. . . . . . . 
(16) P. M. Morse and H. Feshbach, i b i d ,  p .  608. 

so t ha t  if rj >> I, 

(2-9b) 

/ 
3 --, 2 

Using (2-9b) in (2-8)  we f i n d  t h a t  a, must equal/\/g/T(3) := 1.536. 
I 
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Not a t  ion  

a = a con:;tanI; def ined i n  t h e  text Sollowing Eq. (1.15). 
a ,a = a r b i t r a r y  cons t an t s  def ined  i n  Eq. (2-5) of Apperidix 2. 
1 2  

c = salt  concent ra t ion  a t  t h e  membrane ( m o l e s / l i t e r ) .  

c := i n i t i a l  concent ra t ion  in t h e  balch-operated cell o r  feed  concen- 
0 t r a t i o r i  i n  t h e  contin-uously operated. c e l l  ( m o l e s / l i t e r )  . 

(2 

d := salt d i f f u s i v i t j r  (cm?/sec). 

= aa1.t concent ra t ion  at the membrane (mol.-s/J.ii;e:r). 
W 

?(A) = Berman's fmic-Lion (CY. Ref. 3 ) .  

F,G = func t ions  in t roduced  i n  Eq. (2-1) .  

F = Pochharmer's confluen-L hypergeometric function ( c f .  Ref. 1 4 ) .  
1 1  

11 = mass transfer c o e f f i c i e n t  (cm/sec) . 
K -- m o d i f i e d  Bessel func t ion  of t he  second. kind of ord-er one-i;h:i.:r(:3 

- (ci". Ref. 11). 

R =- channel  h a l f  -thickness (em) . 
R = -tran.sverse Reynolds number = -J . 8 / V .  

W 1.J 

s = Laplace t;rstxform variabl-e .  

Sc =-: Seiwid . t  number = V / /  

St =: S-Lanton number = 

t = t i m e  ( s e c ) .  

11 = x-component of fluicl vel.ocity (cin/sec) . 
11 = u.(x=G) (cm/sec). 

= average of u. 
0 

0 0 
over t h e  channel. c ros s  see-Lion ( c m / s e c ) .  

7 v = T l u i d  v e l o c i t y  vec to r  (cm/sec). 

v == y-component of tbe f l .uid v e l o c i t y  (c:m/:;ec). 

v = cons tan t  f l u i d  veLoci.t;;y i n  tine batch-operated c e l l  (cn?/sec). 
0 

v = v ( y  = I -1- ,e) (cm/sec) . 
W 

V = a fun-ct ion defined i n  Eq. (30). 
x,y,z = c a r t e s t a n  coord ina tes  (ern). 

x, = "o"/v\7. 

X,Y = funct ion.s  def ined  i n  t h e  text fo l lowing  Eq. (24). 
w I= -73/95. 
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a = P & c l z t  number for mass t r a n s f e r  ;I v a /  
W 

y = a p o s i t i v e  cons tan t .  

i'( ) = t h e  gamma func t ion .  

r 3 concent ra t ion  p o l a r i z a t i o n  [c f  Eqs . (&a), ( 3 3 ) ,  (%a),  and 

(48). 1 
r = asymptotic p a r t  of r [cf. Eqs. (8) and (38). 3 

r, 
as 

L.r 
.= t r a n s i e n t  part of I' [ c f .  Eqs. (9)  a n d  t h e  t e x t  f o l l o w i n s  Eq. 

( 3 8 )  1 
- rtr = IJapl.ace 'iransform r tr' 

E = a n  a u x i l i a r y  rp'lantity inbroduced i n  t h e  iext preceding Eq. 

(1-16). 

5 - a2vWx/3u0L?. 

7 = 1  - A = 1  - y / Q .  

K = a number def lned i n  the t e x t  fo l lowing  Eq. (2-2)" 

A = y/e. 

V := kinematic v i s c o s i t y  ( crf12/sec). 

.- __ - - = func t ions  def ined i n  the t e x t  fo l lowing  Eq. (6b)  e - _  
1, 2 

u = eigenvalue of Eqs .  (31). 
,r ::: v"t/$ /J . 

0 

$ := a func t ion  def ined i n  Eq. (15). 

$ ,$ = fui ic t ions def ined i n  t h e  t e x t  fol.l.owing Eqs. ( 1 1 t ) ;  c f .  a l s o  
1 2  

E q s .  (40) and (41). 
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